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Abstract

Many genetic regulatory networks (GRNs) have the capacity to reach different stable states. This capacity is
defined as multistability which is an important regulation mechanism. Multiple time-delays and multivariable regulation
functions are usually inevitable in such GRNs. In this paper, multistability of GRNs is analyzed by applying the control
theory and mathematical tools. This study is to provide a theoretical tool to facilitate the design of synthetic gene
circuit with multistability in the perspective of control theory. By transforming such GRNs into a new and uniform
mathematical formulation, we put forward a general sector-like regulation function that is capable of quantifying the
regulation effects in a more precise way. By resorting to up-to-date techniques, a novel Lyapunov-Krasovskii functional
(LKF) is introduced for achieving delay dependence to ensure less conservatism. New conditions are then proposed to
ensure the multistability of a GRN in the form of linear matrix inequalities (LMIs) that are dependent on the delays.
Our multistability conditions are applicable to several frequently used regulation functions especially the multivariable
ones. Two examples are employed to illustrate the applicability and usefulness of the developed theoretical results.
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Multistability, multivariable regulation function, genetic regulatory networks, Lyapunov-Krasovskii functional, linear
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I. Introduction

Systems biology is the study of an organism, viewed as an integrated and interacting network of genes,
proteins and biochemical reactions which give rise to life, instead of analyzing individual components or
aspects of the organism [1–3]. The focus on systems as opposed to individual genes or pathways is shared by
the contemporaneous discipline of systems biology, which analyzes biological organisms in their entirety [4–6].
The spirit of genetic engineering in which genes and gene products are considered as a whole systems could
be extended to synthetic biology. In synthetic biology, the ultimate goal is to engineer unnatural biological
systems that function in living organism to investigate natural biological phenomena or for a variety of
applications. It is reasonable to expect that ideas and method from systems and control theory which is
powerful in analyzing dynamical properties and designing controller to achieve desired performance will lead

This work was supported in part by the Biotechnology and Biological Sciences Research Council (BBSRC) of the U.K. under

Grant BB/C506264/1, an International Joint Project sponsored by the Royal Society of the U.K., the National Natural Sci-

ence Foundation of China under Grants 60504008, 60774073 and 60804028, the Program for New Century Excellent Talents in

Universities of China, and the Alexander von Humboldt Foundation of Germany.
W. Pan is with the Space Control and Inertial Technology Research Center, Harbin Institute of Technology, Harbin 150001,

China, and is also with the Department of Electronic Science and Technology, University of Science and Technology of China,

Hefei 230027, China.
Z. Wang is with the Department of Information Systems and Computing, Brunel University, Uxbridge, Middlesex, UB8 3PH,

United Kingdom.
H. Gao is with the Space Control and Inertial Technology Research Center, Harbin Institute of Technology, Harbin 150001,

China.
∗Corresponding author. Email: Zidong.Wang@brunel.ac.uk.



SUBMITTED 2

to new understanding of the underlying biological processes therefore having potential applications in designing
synthetic gene circuit.

The synthetic genetic regulatory networks (GRNs) prove to be a powerful tool in studying gene regulation
processes in living organisms [7–12]. By using ordinary differential equations to describe the rates of con-
centration change in biochemical substance, such as genes, proteins, activators, repressors, enzymes, factors
or products of a biochemical network, more detailed understanding and insights of the dynamic behavior
exhibited by biological systems can be explored [13, 14]. In particular, since GRNs are high-dimensional and
nonlinear, it is also indispensable to consider the network dynamics from the viewpoint of systems and control
theory [15–17].

Obviously, the precise structure of a mathematical model should be consistent with the dynamical behaviors
of the system. It has been recognized that the slow processes of transcription, translation and diffusion to
the place of action of a protein inevitably cause time delays. Also, for different substance in GRNs, time
delays of biochemical reactions may vary due to the different reaction pathways. Time delays are frequently
encountered in many other practical engineering systems besides GRNs, such as communication, electronics,
and chemical systems. Therefore, in order to have more accurate models, it is necessary to take time-delays
into account in GRNs. In the past decade, stability analysis and synthesis problems for various time-delay
control systems have gained considerable research interests and a large amount of results have appeared in
the literature, see, e.g. [18–21].

On the other hand, the regulation functions, which are either linear or nonlinear, play a crucial role in
determining qualitative properties of GRNs, such as the number and the stability of steady states. The
regulatory mechanism are actually descriptions of biochemical reaction kinetics law such as mass action law,
Hill law, Henri-Michaelis-Menten law, etc. The linear or nonlinear regulation function are often single-variable
and has a form of monotonicity with the single variable. Then the regulation functions for different substance
in GRNs add together to regulate a certain kind. In synthetic GRNs, one of the simplest ways to implement
such an additive input function is to provide a gene with multiple promoters, each responding to one of the
inputs. However, to describe the complicated relationship between different biochemical substance in GRNs,
it is natural to introduce multivariable regulation functions, in which different variables are multiplying or
coupling together. GRNs with regulation functions of such forms have been reported in [22–24]. It should
be mentioned that, even though there are no multivariable terms, the types of regulation functions could be
diverse, most of which are nonlinear [13,14].

Due to the nonlinearity of regulation functions, the coexistence of multiple steady states which refers to
multistability is possible. The traditional notion of stability named as monostability in GRNs [25–27] is
concerned with unique equilibrium point, and this differs significantly from the multistability mentioned here.
It is noticed that multistability has certain properties which are not shared by other mechanisms of integrative
control, therefore plays an important role in the dynamics of living cells and organisms [28–30]. For example,
the maintenance of phenotypic differences in the absence of genetic or environmental differences, which has
been demonstrated experimentally for the regulation of the lactose operon in Escherichia coli, may attribute
to multistability. Cell differentiation might also be explained as multistability [31]. Bistability, a basic case
of multistability, has a property that there are two stable fixed points. It has become increasingly clear that
bistability is an important recurring theme in cell signaling and of particular relevance to biological systems
that switch between discrete states, generate oscillatory responses. As stated in [32], bistability is a new way
of looking at cell cycle control.
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Recently, a lot of efforts have been made to the mathematical modeling of GRNs with multistability. In [8],
a synthetic genetic co-repressive switches in the well known lac operon in the bacteria Escherichia coli were
constructed and a model with two components was proposed. A more detailed mathematical model in which
the parameters were all estimated from reported experimental data was developed in [22], and it was shown
that there was bistability in the lactose operon dynamics for realistic extracellular lactose concentration values.
A simplification of the above model that considered only the role of β-galactosidasein the operon regulation
and ignores that of lactose permease, which also displayed bistability, was introduced in [23]. In [12], the
dynamics of the bistable lactose utilization network of Escherichia coli has been quantitatively investigated
in single cell experiments. In [24], Cdc2-Cyclin B/Wee1 system was transformed to a two-variable problem
under necessary assumptions and displaying bistability.

Theoretical results obtained for the multistability of a GRN have been scattered in the literature. The
biological system with multistability and hysteresis has been modeled as monotone dynamic systems in [33],
where the rich and elegant theory of monotone dynamic system provides an efficient mathematical tool for
analysis (see [34] and references therein). Especially, in the biological systems with bistability, each stable
mode of operation is associated with an appropriate invariant set in the state space and stability with respect
to each set has been studied in terms of a local notion of input-to-state stability with respect to compact
sets [35]. In the control communities, stability analysis should always be performed prior to the controller
design. On one hand, the results on multistability should facilitate the design of synthetic gene circuits with
multistability while these results are difficult to extend to engineering. On the other hand, time-delays and
multivariable regulation functions have not been considered in these results. How to analyze multistability of
time-delay GRNs with multivariable regulation functions in order to be potential in synthetic biology remains
as an open problem. Therefore, it is essential and important to investigate the multistability of delayed GRNs
with multivariable regulation functions. To the best of the authors’ knowledge, up to now, little effort has
been made towards this challenging problem, which motivates the present study.

Lyapunov–Krasovskii functional (LKF) theory and linear matrix inequality (LMI) technique are powerful
tools in stability analysis and controller design and have been extensively studied in the control communities
(see [36–40] and references therein). Although there are also reports on the multistability analysis for neural
networks [41, 42], these results are focusing on the analysis rather than aiming at design. Even in this
community, there are seldom reports on multistability analysis by LKF and LMI. To facilitate the readers in
biology area, let us briefly discuss the LKF theory and LMI technique. Lyapunov’s direct method (also called
the second method of Lyapunov) allows us to determine the stability of a system without explicitly solving
differential equations. The method is a generalization of the idea that if there is some “measure of energy”
in a system, then we can study the rate of change of the energy of the system to ascertain stability [43]. In
case of systems with time-delay, such measure of energy is often adopted as the LKF, which is typically of the
quadratic form. By calculating the derivative of the LKF, it is usually concluded that the overall time-delay
system is stable if certain LMIs are feasible [36–40]. Note that the solvability of LMIs can be easily checked
by using the Matlab toolbox, and a growing number of dynamics analysis problems can be converted into the
feasibility of LMIs [44].

In this paper, we are concerned with the multistability of GRNs with multiple time-delays. Multivariable
and several different types of regulation functions are considered. We then generalize the mathematical
formulation of such GRNs by proposing a sector-like regulation function. A novel LKF is introduced and the
most updated techniques are employed to achieve delay-dependence. A sufficient condition is then derived
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for the multistability of a GRN with multiple time delays and multivariable regulation functions in the form
of LMIs. An important feature with the results to be reported is that, all the multistability conditions are
dependent on the delays, made possible by utilizing the up-to-date techniques to achieve delay dependence.
Second, our multistability conditions are applicable to several different regulation functions, which cover many
types of currently investigated GRNs, especially including the complicated multivariable regulation functions.
Two examples which have been tested by reported experiments are employed to illustrate the applicability
and usefulness of the developed theoretical results. Example 1 is a Cdc2-Cyclin B/Wee1 system model and
example 2 is a lactose system model. The GRNs in both of these examples display bistability.

Notation: The notation used throughout the paper is standard. The superscript T indicates matrix trans-
position; Rn denotes the n-dimensional Euclidean space and Rn×k is the set of all n × k real matrices. An,k

denotes A ∈ Rn×k. I and 0 denote identity matrix and zero matrix respectively, the notation P > 0 means that
P is symmetric and positive definite and the symbol ∗ indicates symmetric blocks in the LMIs. In addition,
diag{. . .} stands for a block-diagonal matrix and for a matrix A, sym(A) denotes A + AT .

II. Model and Preliminaries

In this section, we introduce a GRN model which can be described by the following differential equations
for i = 1, 2, . . . , n:

żi(t) = −aizi(t) +
n∑

j=1

bijfij(zj(t)) +
n∑

j=1

cijgij(zj(t− τi)) +
n∑

j=1

dijyij(t)hij(zj(t)) + ui, (1)

where z1, . . . , zn are biochemical substance, such as genes, proteins, activators, repressors, enzymes, factors
or products of a biochemical network, and z(·) = [z1(·), z2(·), . . . , zn(·)]T ∈ Rn is the substance state vector.
Their rates of degradation are denoted by ai ∈ R+. żi, the rate of change in zi, represents concentration
change of a variable due to production or degradation. ui is defined as a basal rate. fij(·) and gij(·) represent
the feedback regulation function of the jth substance on the ith substance, which are generally nonlinear or
linear single-variable functions.

Due to the fact that time delays occur in transcription, translation and diffusion to the place of action of a
protein, and for different biochemical substance in GRNs, the time-delays at different stages may be different,
and therefore the regulation function with multiple time delays gij(·) is introduced. In many synthetic GRNs,
the monotone regulation functions are not just simply added together in practice, but may be coupled with
another variable which indicates the relationship between two biochemical substance in GRNs [22,24]. Then,
yij(·)hij(zj(·)) is introduced in the model to describe such a complicated property. To ease notation, hij(·) is
also called regulation function, which has the same property with fij(·) and gij(·) and we call yij(·)hij(zj(·))
multivariable regulation function. yij(·) is an element that belongs to [z1(·), z2(·), . . . , zn(·)]T but yij(·) 6= zj(·).
Obviously, if yij(·) = zj(·), yij(·)hij(zj(·)) would have a similar form with fij(zj(·)) and the multivariable term
can be eliminated. Regulation function is used to capture the combined effect of several regulatory proteins on
the control of gene expression or protein degradation and it describes the connection and topology structure
of biochemical substance.

Remark 1: Linear control theory has received great research interest and the corresponding results have
been fruitful. However, almost all practical systems are inherently nonlinear. Sometimes, linearization is a
powerful tool, but it may prevent us from gaining the insight of nonlinear phenomenon. In neural networks, the
structure of the model described by nonlinear differential equations is similar to the GRNs’ structure discussed
here [45,46]. In neural networks, the activation function is like the regulation function in GRNs, but it is just
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a monotone nonlinear function of only one variable which is totally different from the multivariable regulation
functions. The regulation mechanism in GRNs not only follows the “adding” logic like neural networks but
also the “coupling” logic. In neural networks, the approach to dealing with nonlinearity is usually based on a
“linearization” idea that sets a linear boundary to be an approximation of the nonlinear activation functions.
Such an idea works well when there is one variable, but may face unmanageable difficulties when it comes to
the multivariable regulation functions. In other words, we are not able to inherit the method for dealing with
nonlinear terms in neural networks. Therefore, there is a need to transform the model into a new form so as
to facilitate the handling of such nonlinear terms.

In the following, let us consider the regulation functions in order to show the existence of multiple equilibrium
points, hence the multistability.

Remark 2: We consider a simplified GRN model:

żi(t) = −aizi(t) +
n∑

j=1

bijRij(zj(t)). (2)

A regulation function often found in the literature is the Hill type [14]:

Rij (zj) =
z

Hij

j (t)

θ
Hij

j + z
Hij

j (t)
, (3)

with θj > 0 is the threshold for the regulatory influence of zj on a target biochemical substance zi, and Hij is
the Hill coefficients. The function ranges from 0 to 1 and increases as zj →∞, so that an increase in zj will
tend to increase the expression rate of the biochemical substance, then biochemical substance j is an activator
of gene i. If biochemical substance j is an repressor of gene i, then

Rij (zj) = 1− z
Hij

j (t)

θ
Hij

j + z
Hij

j (t)
. (4)

Then, the GRN (2) can be rewritten as

żi(t) = −aizi(t) +
n∑

j=1

bijR̄ij(zj(t)) + ui (5)

for i = 1, 2, . . . , n, with

R̄ij(zj(t)) =
z

Hij

j (t)

θ
Hij

j + z
Hij

j (t)
, ui =

∑

j∈Fi

αij ,

where Fi is the set of all the j which is a repressor of gene i, and ui is defined as a basal rate. If bij = αij ,

zj is an activator of zi; if bij = 0, zj is no link with zi; if bij = −αij , zj is an a repressor of zi. If θj = 1, the
regulation function is in a standard form. (3) and (4) can be easily transformed to standard form.

Let żi(t) = 0, that is, aizi(t) − ui =
n∑

j=1
bijR̄ij(zj(t)), whose solution defines the equilibrium point. For

convenience, we consider one variable case, i.e., we define right hand of the equality above f(z) = zHij/(1 +
zHij ), left hand h(z) = az − u. It is shown that there could be three cross points at most when Hij = 2 in
Fig. 1(a) and two cross points when Hij = 1 in Fig. 1(b).

Assume that a GRN (1) has N equilibrium points and let z∗k = (z∗k1, z
∗
k2, . . . , z

∗
kn)T be the kth equilibrium

point, i = 1, 2, · · · , N. So we have

0 = −aiz
∗
ki +

n∑

j=1

bijfij(z∗kj) +
n∑

j=1

cijgij(z∗kj) +
n∑

j=1

dijy
∗
kijhij(z∗kj) + ui. (6)
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Fig. 1. (a) f(z) = z2/(1 + z2) and h(z) = 0.4z. Three equilibrium points can be achieved. (b) f(z) = z/(1 + z) and
h(z) = 0.4z. Two equilibrium points can be obtained.

Subtracting (6) from (1) gives

żi(t)− ż∗ki = −ai [zi(t)− z∗ki] +
n∑

j=1

bij

[
fij(zj(t))− fij(z∗kj)

]
(7)

+
n∑

j=1

cij

[
gij(zj(t− τi))− gij(z∗kj)

]
+

n∑

j=1

dij

[
yij(t)hij(zj(t))− y∗kijhij(z∗kj)

]
.

Let

zkij(·) = zij(·), (8)

xki(·) = zi(·)− z∗ki, (9)

ykij(·) = yij(·)− y∗kij , (10)

fkij(xkj) = fij(xkj + z∗kj)− fij(z∗kj), (11)

gkij(xkj) = gij(xkj + z∗kj)− gij(z∗kj), (12)

hkij(xkj) = hij(xkj + z∗kj)− hij(z∗kj), (13)

h̄kij(xkj(t)) = zkij(t)hkij(xkj(t)), (14)
n∑

j=1

dijhij(z∗kj)xkij(t) = −
n∑

j=1

ekijxkj(t). (15)

We have

ẋki(t) = −aixki(t) +
n∑

j=1

bijfkij(xkj(t)) +
n∑

j=1

cijgkij(xkj(t− τi)) +
n∑

j=1

dij h̄kij(xkj(t))−
n∑

j=1

ekijxkj(t). (16)

For convenience, see Appendix for the derivation.
Equivalently, (16) can be written as

ẋ(t) = − (A + Ek) x(t) +
n∑

i=1

Bifki(x(t)) +
n∑

i=1

Cigki(x(t− τi)) +
n∑

i=1

Dih̄ki(x(t)), (17)
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where

x(t) =




xk1(t)
xk2(t)

...
xkn(t)




, fki(x(t)) =




fki1(xk1(t))
fki2(xk2(t))

...
fkin(xkn(t))




,

gki(x(t− τi)) =




gki1(xk1(t− τi))
gki2(xk2(t− τi))

...
gkin(xkn(t− τi))




, h̄ki(x(t)) =




yki1(t)hki1(xk1(t))
yki2(t)hki2(xk2(t))

...
ykin(t)hkin(xkn(t))




.

Consider the regulation function fij (zj) , which is divided into kfij max piecewise intervals along the variable
zj . If there exist N equilibrium points of (1), we let kfij max = N and select N intervals

Ωf =





[ξ0ij , ξ1ij ]δ
(i)
1ij × [ξ1ij , ξ2ij ]δ

(i)
2ij × · · · × [ξ(N−1)ij , ξNij ]

δ
(i)
Nij ,(

δ
(i)
1ij , δ

(i)
2ij , ..., δ

(i)
Nij

)
= (1, 0, ..., 0) or (0, 1, ..., 0) , ..., or (0, ..., 0, 1) , i = 1, 2, ..., n



 .

Then, the kth equilibrium point lies in the following region

Ωfk
=





n∏

i=1


∩

n∏

j=1

[ξ(k−1)ij , ξkij ]






 .

Similarly, consider the regulation function gij (zj) , linear function rij (zij(t)) = zij(t) and regulation function
hij (zj) , the kth equilibrium point lies in the following regions

Ωgk
=





n∏

i=1


∩

n∏

j=1

[λ(k−1)ij , λkij ]






 , Ωrk

=





n∏

i=1


∩

n∏

j=1

[θ(k−1)ij , θkij ]






 ,Ωhk

=





n∏

i=1


∩

n∏

j=1

[µ(k−1)ij , µkij ]








respectively.
Assumption 1: Let kfij max = N . Each regulation function in (1), fij (·) , i, j = 1, 2, . . . , n, satisfies the

following condition when ∀xk, yk ∈ [ξij(k−1), ξijk], xk 6= yk, 1 ≤ k ≤ N :

α−kij ≤ fij (xk)− fij (yk)
xk − yk

≤ α+
kij ,

where α−kij and α+
kij are positive constants.

Because the kth equilibrium point is shifted to origin, the new equilibrium point 0 lies in the region

Ω̄fk
=





n∏

i=1


∩

n∏

j=1

[ξ̄(k−1)ij , ξ̄kij ]






 .

where ξ̄(k−1)ij = ξ(k−1)ij − z∗kj < 0, ξ̄kij = ξkij − z∗kj > 0.

By (9), (11) and Assumption 1, it is not difficult to verify that ∀xj ∈ [ξ̄(k−1)ij , 0) ∪ (0, ξ̄kij ], i = 1, 2, . . . , n,

α−kij ≤
fkij (xj)

xj
≤ α+

kij , (18)

and it is easy to see that fkij (0) = 0.
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Similarly, by (9), (12) and Assumption 1, it is not difficult to verify that ∀xj ∈ [λ̄(k−1)ij , 0) ∪ (0, λ̄kij ],
i = 1, 2, . . . , n,

β−kij ≤
gkij (xj)

xj
≤ β+

kij , (19)

where λ̄(k−1)ij = λ(k−1)ij − z∗kj < 0, λ̄kij = λkij − z∗kj > 0, β−kij and β+
kij are positive constants. It is easy to

see that gkij (0) = 0.

Letting x−kij = θ(k−1)ij and x+
kij = θkij , we get

x−kij ≤ ykij(t) ≤ x+
kij . (20)

Obviously, x−kij and x+
kij are positive constants because the concentration of biochemical substance can’t be

negative.
Similarly, by (9), (13) and Assumption 1, it is not difficult to verify that ∀xj ∈ [µ̄(k−1)ij , 0) ∪ (0, µ̄kij ],

i = 1, 2, . . . , n,

σ−kij ≤
hkij (xj)

xj
≤ σ+

kij , (21)

where µ̄(k−1)ij = µ(k−1)ij − z∗kj < 0, µ̄kij = µkij − z∗kj > 0, σ−kij and σ+
kij are positive constants. It is easy to

see that hkij (0) = 0.

Let krij max = khij max = N, i, j = 1, 2, . . . , n, 1 ≤ k ≤ N and γ−kij = x−kijσ
−
kij , γ+

kij = x+
kijσ

+
kij . By (20), (21)

and Assumption 1, we can have the following corollary.
Corollary 1: Each multivariable regulation function in (17), ykijhkij(xj), i, j = 1, 2, . . . , n, satisfies the

following condition when ∀xj ∈ [λ̄ij(k−1), 0) ∪ (0, λ̄ijk], ∀ykij ∈ [x−kij , x
+
kij ]:

γ−kij ≤
ykijhkij (xj)

xj
≤ γ+

kij .

Remark 3: The inequalities (18), (19) and (21) are similar to the one proposed in [48, 49] for the activa-
tion function of neural networks. As pointed out in [48, 49], this description could be non-monotonic, and
is more general than the usual sigmoid functions and the recently commonly used Lipschitz conditions. We
like to point out that such a description is very precise/tight in quantifying the lower and upper bounds
of the regulation functions, hence very helpful for using LMI-based approach to reduce the possible conser-
vatism.

III. Multistability Conditions of GRNs

In this section, we present our multistability condition for the GRN with multiple time delays and multi-
variable regulation functions described in the previous section.

Definition 1: A GRN is said to have N -stability if it has N (N ≥ 1) stable equilibrium points. In this case,
the GRN is said to be N -stable. Specially, a GRN has bistability if N = 2.

Theorem 1: The system in (1) is asymptotically N -stable, if there exist matrices Pk > 0, Qkj > 0, Zkj > 0,

and diagonal matrices U+
ki, U−

ki, V +
ki , V −

ki , W+
ki and W−

ki , k = 1, · · · , N, i = 1, · · · , n, j = 1, 2, such that the
following LMIs hold:

Θk + Λk + ΛT
k < 0, (22)
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where

Θk = ΘkP +
n∑

i=1

(ΘkQi + ΘkZi + ΘkUi + ΘkV i + ΘkWi),

ΘkP = MT
kP P̄kMkP ,ΘkUi = MT

kU+
i

Ū+
kiMkU+

i
+ MT

kU−i
Ū−

kiMkU−i
,

ΘkQi = MT
kQi

Q̄kiMkQi
,ΘkV i = MT

kV +
i

V̄ +
ki MkV +

i
+ MT

kV −i
V̄ −

ki MkV −i
,

ΘkZi = MT
kZi

Z̄kiMkZi
,ΘkWi = MT

kW+
i

W+
kiMkW+

i
+ MT

kW−
i

W̄−
kiMkW−

i
,

Λk = X[− (A + Ek) − I 0
n∑

i=1

Bi

n∑

i=1

Ci

n∑

i=1

Di],

P̄k =

[
0n Pk

Pk 0n

]
,MkP =

[
0n In 0n,4n2

In 0n,(4n+1)n

]
,

Q̄ki =

[
Qki 0n

0n −Qki

]
,MkQi =

[
In 0n,(4n+1)n

0n,(i+1)n In 0n,(4n−i)n

]
,

Z̄ki =

[
τiZki 0n

0n −1/τiZki

]
, MkZi =

[
0n In 0n,4n2

In 0n,in −In 0n,(4n−i)n

]
,

Ū+
ki =

[
0n U+

ki

U+
ki −U+

ki

−
]

,MkU+
i

=

[ √
1/2F+

ki 0n,(4n+1)n

0n,(n+i+1)n

√
2In 0n,(3n−i)n

]
,

Ū−
ki =

[
0n U−

ki

U−
ki −U−

ki

]
,MkU−i

=

[
−

√
1/2F−

ki 0n,(4n+1)n

0n,(n+i+1)n −√2In 0n,(3n−i)n

]
,

V̄ +
ki =

[
0n V +

ki

V +
ki −V +

ki

−
]

,MkV +
i

=

[
0n,(i+1)n

√
1/2G+

ki 0n,(4n−i)n

0n,(2n+i+1)n

√
2In 0n,(2n−i)n

]
,

V̄ −
ki =

[
0n V −

ki

V −
ki −V −

ki

]
,MkV −i

=

[
0n,(i+1)n −

√
1/2G−

ki 0n,(4n−i)n

0n,(2n+i+1)n −√2In 0n,(2n−i)n

]
,

W̄+
ki =

[
0n W+

ki

W+
ki −W+

ki

]
,MkW+

i
=

[ √
1/2H+

ki 0n,(4n+1)n

0n,(3n+i+1)n

√
2In 0n,(n−i)n

]
,

W̄−
ki =

[
0n W−

ki

W−
ki −W−

ki

]
,MkW−

i
=

[
−

√
1/2H−

ki 0n,(4n+1)n

0n,(3n+i+1)n −√2In 0n,(n−i)n

]
.

Proof: See Appendix.
If time delay is assumed to be zero, then the GRN becomes:

żi(t) = −aizi(t) +
n∑

j=1

bijfij(zj(t)) +
n∑

j=1

bijzij(t)hij(zj(t)). (23)

For the kth equilibrium point, by transformation we have

ẋ(t) = − (A + Ek) x(t) +
n∑

i=1

Bifki(x(t)) +
n∑

i=1

Dih̄ki(x(t)). (24)

Based on Theorem 1, we can get the following corollary.
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Corollary 2: The system in (23) is asymptotically N -stable, if there exist matrices Pk > 0, and diagonal
matrices U+

ki, U−
ki, W+

ki and W−
ki , k = 1, · · · , N, i = 1, · · · , n, j = 1, 2, such that the following LMIs hold:

Θk + Λk + ΛT
k < 0, (25)

where

Θk = MT
kP P̄kMkP +

n∑

i=1

(ΘkUi + ΘkWi),

ΘkUi = MT
kU+

i
Ū+

kiMkU+
i

+ MT
kU−i

Ū−
kiMkU−i

,

ΘkWi = MT
kW+

i
W̄+

kiMkW+
i

+ MT
kW−

i
W̄−

kiMkW−
i

,

Λk = X[− (A + Ek) − I

n∑

i=1

Bi

n∑

i=1

Di],

P̄k =

[
0n Pk

Pk 0n

]
,MkP =

[
0n In 0n,2n2

In 0n,(2n+1)n

]
,

Ū+
ki =

[
0n U+

ki

U+
ki −U+

ki

−
]

,MkU+
i

=

[ √
1/2F+

ki 0n,(2n+1)n

0n,(i+1)n

√
2In 0n,(2n−i)n

]
,

Ū−
ki =

[
0n U−

ki

U−
ki −U−

ki

]
,MkU−i

=

[
−

√
1/2F−

ki 0n,(2n+1)n

0n,(i+1)n −√2In 0n,(2n−i)n

]
,

W̄+
ki =

[
0n W+

ki

W+
ki −W+

ki

−
]

,MkW+
i

=

[ √
1/2H+

ki 0n,(2n+1)n

0n,(n+i+1)n

√
2In 0n,(n−i)n

]
,

W̄−
ki =

[
0n W−

ki

W−
ki −W−

ki

]
,MkW−

i
=

[
−

√
1/2H−

ki 0n,(2n+1)n

0n,(n+i+1)n −√2In 0n,(n−i)n

]
.

Remark 4: Though not in ordinary form of LMIs, Theorem 1 and Collary 2 are indeed in the standard LMIs
form, which can be easily solved by the standard software. Moreover, this form simplified as W T

XXWX +
W T

Y Y WY is more laconic. It expresses the LMIs in several parts, each of which has a symmetric structure
with the matrix variable to be determined in center. Here, WX is the parameter matrix of linear combination
of vector elements. For example, ax1 + bx2 = 0 could be written as WXxT = 0, where WX = [ a b ] and
x = [ x1 x2 ].

Remark 5: In our main results, we propose a general sector-like regulation function to derive stability condi-
tions for GRNs with both multiple time-delays and multivariable regulation functions. Up-to-date techniques
are utilized for achieving delay dependence to ensure less conservatism. In the next section, the obtained
general multistability conditions are demonstrated via two practical examples.

IV. Illustrative Examples

In this section, two examples are employed to show 1) the generality of our proposed regulation function;
and 2) the applicability of our main results for multistability. There are multivariable regulation functions in
both of the examples. Specifically, Example 1 is concerned with a Cdc2-Cyclin B/Wee1 system and Example
2 is about a reduced model of lactose system.
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Example 1. Consider the well-known Cdc2-Cyclin B/Wee1 system in cell cycle described in [24]:

ẋ1 = α1(1− x1)− β1x1(vx2)γ1

K1 + (vx2)γ1
,

ẋ2 = α2(1− x2)− β2x2x
γ2
1

K2 + xγ2
1

, (26)

where x1 denotes active Cdc2, x2 denotes active Wee1; α1 = α2 = 1, β1 = 200, β2 = 10 are rate constants;
K1 = 30, K2 = 1 are Michaelis (saturation) constants; γ1 = γ2 = 4 are Hill coefficients; and v is a coefficient
that reflects the strength of the influence of Wee1 on Cdc2-Cyclin B. We select v = 1 which guarantees the
bistability of (26).

0 5 10 15 20
0

0.5

1

1.5

2

2.5

t

x1

(a)

0 5 10 15 20
0

0.5

1

1.5

2

2.5

t

x2

(b)

Fig. 2. Transient behavior of system (26).

Simulation results are depicted in Fig. 2. It is shown that two stable states can be achieved. The solid lines
represent the stable states and the dashed lines represent the unstable states.

Letting y1 = x1, y2 = x2/
4
√

30, we obtain the standard form:

ẏ1 = −α1y1 − β1y1y
4
2

1 + y4
2

+ 1,

ẏ2 = −α2y2 − β2y2y
4
1

1 + y4
1

+ 1/
4
√

30, (27)

where the regulation function h(x) = x4/
(
1 + x4

)
, and d(x) = ḣ(x) = 4x3/

(
1 + x4

)2 ≤ 1.065. f(x) and
h(x) are depicted in Fig. 3. We can get three equilibrium points x∗1 = (1, 0.17)T , x∗2 = (0.51, 0.62)T and
x∗3 = (0.14, 1)T of (26), or y∗1 = (0.9947, 0.0719)T , y∗2 = (0.51, 0.26)T and y∗3 = (0.1357, 0.4258)T of (27).

We rewrite model (27) into a compact matrix form

ż(t) = − (A + Ek) z(t) + Dh̄k(z(t)),

where

h(z) =
z4

1 + z4
,

z(t) =

[
z1(t)
z2(t)

]
=

[
y1(t)− y∗k1

y2(t)− y∗k2

]
, h̄(z(t)) =

[
y2(t)h(z1(t))
y1(t)h(z2(t))

]
,

A =

[
α1 0
0 α2

]
, Ek =

[
β1h(y∗k2) 0

0 β2h(y∗k1)

]
, D =

[
0 −β1

−β2 0

]
.
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When y∗1 ∈ [0.55,+∞)×[0, 0.25], H+
1 = diag{1.065, 0.0620}×diag{0.25,+∞}, H−

1 = diag{0, 0}×diag{0, 0.55},
we can obtain a feasible solution by solving LMIs with the following obtained matrix variables (for space con-
sideration, we only list the matrix variables P1, W+

1 and W−
1 ; and for a valid simulation, we take 100 as a

substitute for +∞ in y∗1 and H+
1 ):

P1 =

[
9.4 31.1
31.1 9138.3

]
,W+

1 =

[
1221.6 0

0 3584.8

]
,W−

1 =

[
67300 0

0 153330

]
.

When y∗2 ∈ [0.45, 0.55]×[0.25, 0.35], H+
2 = diag{0.5586, 0.1665}×diag{0.35, 0.5}, H−

2 = diag{0.3363, 0.0620}×
diag{0.25, 0.45}. The solution is infeasible.

When y∗3 ∈ [0, 0.45]×[0.35,+∞), H+
3 = diag{0.3363, 1.065}×diag{+∞, 0.45}, H−

3 = diag{0, 0}×diag{0.35, 0},
we can obtain a feasible solution by solving LMIs with the following obtained matrix variables:

P2 =

[
0.0647 0.0878
0.0878 2.8020

]
,W+

2 =

[
0.0784 0

0 17.0333

]
,W−

2 =

[
127.4051 0

0 97.9623

]
.

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

d(x)

h(x)

x

h(
x)

,d
(x

)

Fig. 3. h(x) = x4/
(
1 + x4

)
, and d(x) = 4x3/

(
1 + x4

)2
.

Example 2:. In this example, we consider a reduced model of lactose system. The lac operon consists of a
promoter/operator region and three larger structural genes, lacZ, lacY, and lacA. In the presence of external
lactose (Le), lactose is transported into the cell by a permease (P ). Intracellular lactose (L) is then broken
down into glucose, galactose, and allolactose (A) by the enzyme β-galactosidase (B). The allolactose (A) feeds
back to bind with the lactose repressor and enables the transcription process to proceed. Once the mRNA has
been produced, the process of translation is initiated. The lacZ gene encodes for the mRNA responsible for
the production of β-galactosidase (B) and translation of the lacY gene produces mRNA ultimately responsible
for the production of a membrane permease (P ).

In [23], it is assumed that there is a constant permease concentration and lactose is in a quasisteady state
across the membrane. Therefore, there is a one-to-one relationship between the external and internal lactose.
Then lactose (L) and permease (P ) dynamics are not considered. A reduced model of three differential
equations is considered in [23]:

Ȧ = αAB
L

KL + L
− βAB

A

KA + A
− γ̃AA,

Ḃ = αBe−µτBMτB − γ̃BB, (28)

Ṁ = αM
1 + K1(e−µτM AτM )n

K + K1(e−µτM AτM )n
− γ̃MM,
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where M is the mRNA concentration, B is the β galactosidase concentration, A is the concentration of
allolactose (the effector in the lac operon), L is the intracellular lactose concentration, AτM ≡ A(t − τM ),
MτB ≡ M(t− τB). and the bacterial growth rate is given by µ. The parameters are given in Table 1.

Table 1. Parameter values
parameter value unit parameter value unit

n 2 K 7200
µ 3.03× 10−2 min−1 K1 2.52× 10−2 (µM)−2

αM 997 nm·min−1 KL 0.97 mM
αB 1.66× 10−2 min−1 KA 1.95 mM
αA 1.76× 104 min−1 βA 2.15× 104 min−1

γM 0.411 min−1 τM 0.10 min
γB 8.33× 10−4 min−1 τB 2.00 min
γA 1.35× 10−2 min−1

We rewrite model (28) into a compact matrix form

ẋ = − (
Ā + Ek

)
x + B̄fk(x) + C̄1gk1(xτM ) + C̄2gk2(xτB ) + D̄h̄k(x),

where

g(Aτ ) =
1 + K1(e−µτAτ )n

K + K1(e−µτAτ )n
, h(A) =

A

KA + A
, L̄ =

L

KL + L

x =




Ak

Bk

Mk


 =




A−A∗k
B −B∗

k

M −M∗
k


 , xτM =




AτMk

BτMk

MτMk


 =




AτM −A∗k
BτM −B∗

k

MτM −M∗
k


 ,

xτB =




AτBk

BτBk

MτBk


 =




AτB −A∗k
BτB −B∗

k

MτB −M∗
k


 , fk(x(t)) =




0
Bk

0


 ,

gk1(xτM ) =




g(AτMk)
0

MτMk


 , gk2(xτB ) =




g(AτBk)
0

MτBk


 , h̄k(x(t)) =




Bh(Ak)
0
0


 ,

Ā =




γ̃A 0 0
0 γ̃B 0
0 0 γ̃M


 , Ek =




0 βAh(A∗k) 0
0 0 0
0 0 0


 , B̄ =




0 αAL̄ 0
0 0 0
0 0 0


 ,

C̄1 =




0 0 0
0 0 0

αM 0 0


 , C̄2 =




0 0 0
0 0 αBe−µτB

0 0 0


 , D̄ =



−βA 0 0

0 0 0
0 0 0


 .

There are three equilibrium points with L = 50µM:

SS∗1 = (A∗1, B
∗
1 , C∗

1 ) = (4.27 µM, 0.23 nM, 0.46 nM),

SS∗2 = (A∗2, B
∗
2 , C∗

2 ) = (11.73 µM, 0.7 nM, 1.39 nM),

SS∗3 = (A∗3, B
∗
3 , C∗

3 ) = (64.68 µM, 16.42 nM, 32.71 nM),



SUBMITTED 14

SS∗1 and SS∗3 are stable, SS∗2 is unstable. In the following, we show the effectiveness of our theorem.
When SS∗1 ∈ [0, 8] × [0, 0.4] × [0, 1], F+

1 = diag{0, 1, 0}, F−
1 = diag{0, 1, 0}, G+

11 = G+
12 = diag{5.5967 ×

10−5, 0, 1}, G−
11 = G−

12 = diag{0, 0, 1}, H+
1 = diag{5.1282× 10−4, 0, 0} × diag{0.4, 0, 0}, H−

1 = diag{5.0864×
10−4, 0, 0}×diag{0, 0, 0}, we can obtain a feasible solution by solving LMIs with the following obtained matrix
variables (for space consideration, we only list the matrix variable P1):

P1 =




0.0040 −0.0310 −0.0006
−0.0310 1.2819 −0.0492
−0.0006 −0.0492 0.0261


 .

When SS∗2 ∈ [8, 15]× [0.4, 10]× [1, 15], F+
2 = diag{0, 1, 0}, F−

2 = diag{0, 1, 0}, G+
21 = G+

22 = diag{1.0482×
10−4, 0, 1}, G−

21 = G−
22 = diag{5.5967 × 10−5, 0, 1}, H+

2 = diag{5.0864 × 10−4, 0, 0} × diag{10, 0, 0}, H−
2 =

diag{5.0502× 10−4, 0, 0} × diag{0.4, 0, 0}, the solution is infeasible.
When SS∗3 ∈ [15,+∞) × [10,+∞) × [15,+∞), F+

3 = diag{0, 1, 0}, F−
3 = diag{0, 1, 0}, G+

21 = G+
32 =

diag{1.215× 10−3, 0, 1}, G−
31 = G−

32 = diag{0, 0, 1}, H+
3 = diag{5.0502× 10−4, 0, 0} × diag{+∞, 0, 0}, H−

3 =
diag{4.6401× 10−4, 0, 0}×diag{10, 0, 0}, we can obtain a feasible solution by solving LMIs with the following
obtained matrix variables (for space consideration, we only list the matrix variables P2):

P2 =




0.0029 0.0028 −0.0025
0.0028 0.5506 −0.0344
−0.0025 −0.0344 0.0181


 ,

which confirms the bistability of this GRN.

V. Conclusion

In this paper, we have made an effort to show the possibility of applying control theory to investigate the
multistability of a GRN, therefore having potential applications in the design of synthetic gene circuits with
multistability. A novel and uniform mathematical formulation is proposed to describe a GRN with multiple
time delays and multivariable regulation functions. A method has been presented for the analysis of mul-
tistability of such a GRN. By using a Lyapunov-Krasovskii functional (LKF) approach and linear matrix
inequalities (LMIs) techniques, the multistability criteria for a GRN with multiple time delays and multivari-
able regulation functions have been established in the form of LMIs, which can be readily verified by using
standard numerical software. An important feature of the results reported here is that all the multistability
conditions are dependent on the delays, which is made possible by utilizing the most updated techniques for
achieving delay dependence. Also, our multistability conditions are applicable to several different regulation
functions, which cover many types of currently investigated GRNs, especially including the complicated multi-
variable regulation functions. Two examples have been employed to illustrate the applicability and usefulness
of the developed theoretical results, which are concerned with, respectively, a Cdc2-Cyclin B/Wee1 system
model and a lactose system model, both of which display bistability.
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Appendix

A. Derivation of (16)

By (7), (8), (9), (10), (11), (12), (13), (14) and (15), we have

ẋki(t) = −aixki(t) +
n∑

j=1

bijfkij(xkj(t)) +
n∑

j=1

cijgkij(xkj(t− τi))

+
n∑

j=1

dij

[
ykij(t)hij(xkj(t) + z∗kj) + y∗kijhkij(xkj(t))

]

= −aixki(t) +
n∑

j=1

bijfkij(xkj(t)) +
n∑

j=1

cijgkij(xkj(t− τi))

+
n∑

j=1

dij

[
ykij(t)hij(xkj(t) + z∗kj)− ykij(t)hij(z∗kj)

]

+
n∑

j=1

dijykij(t)hij(z∗kj) +
n∑

j=1

dijy
∗
kijhkij(xkj(t))

= −aixki(t) +
n∑

j=1

dijykij(t)hij(z∗kj) +
n∑

j=1

bijfkij(xkj(t)) +
n∑

j=1

cijgkij(xkj(t− τi))

+
n∑

j=1

[dijykij(t)hkij(xkj(t)) + dijy
∗
kij(t)hkij(xkj(t))]

= −aixki(t) +
n∑

j=1

dijhij(z∗kj)ykij(t) +
n∑

j=1

bijfkij(xj(t)) +
n∑

j=1

cijgkij(xj(t− τi))

+
n∑

j=1

dijykij(t)hkij(xkj(t)).

Then (16) could be obtained.

B. Proof of Theorem 1

We first show that the kth equilibrium point is asymptotically stable. The Lyapunov-Krasovskii functional
is defined as follows:

Vk(x(t)) = Vk1(x(t)) + Vk2(x(t)) + Vk3(x(t)), (A1)

Vk1(x(t)) = xT (t)Pkx(t), (A2)

Vk2(x(t)) =
n∑

i=1

∫ t

t−τi

xT (α)Qkix(α)dα, (A3)

Vk3(x(t)) =
n∑

i=1

∫ 0

−τi

∫ t

t+β
ẋT (α)Zkiẋ(α)dαdβ. (A4)
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The derivatives of Vkj(x(t)), j = 1, 2, 3, are given by

V̇k1(x(t)) = 2xT (t)Pkẋ(t), (A5)

V̇k2(x(t)) =
n∑

i=1

[xT (t)Qkix(t)− xT (t− τi)Qkix(t− τi)], (A6)

V̇k3(x(t)) =
n∑

i=1

[τiẋ
T (t)Zkiẋ(t)−

∫ t

t−τi

ẋT (α)Zkiẋ(α)dα]. (A7)

From Jensen’s inequality, we can easily get

−
∫ t

t−τi

ẋT (α)Zkiẋ(α)dα

≤ − 1
τi

[∫ t

t−τi

ẋ(α)dαT

]T

Zki

[∫ t

t−τi

ẋ(α)dα

]

= − 1
τi

[x(t)− x(t− τi)]
T Zki [x(t)− x(t− τi)] , (A8)

By (18), for any scalar u+
ki ≥ 0, it is clear that for i = 1, · · · , n,

n∑

j=1

u+
kijfkij(xj(t))

[
α+

kijxj(t)− fkij(xj(t))
]
≥ 0,

then
n∑

i=1

n∑

j=1

[
u+

kijfkij(xj(t))α+
kijxj(t)− u+

kijfkij(xj(t))fkij(xj(t))
]
≥ 0,

or equivalently
n∑

i=1

[fki(x(t))U+
kiF

+
kix(t)− fki(x(t))U+

kifki(x(t))] ≥ 0. (A9)

Similarly, for any scalars u−ki ≥ 0, v+
ki ≥ 0 and v−ki ≥ 0, we have, respectively,

n∑

i=1

[fki(x(t))U−
kifki(x(t))− fki(x(t))U−

kiF
−
kix(t)] ≥ 0, (A10)

n∑

i=1

[gki(x(t− τi))V +
ki G

+
kix(t− τi)− gki(x(t− τi))V +

ki gki(x(t− τi))] ≥ 0, (A11)

and
n∑

i=1

[gki(x(t− τi))V −
ki gki(x(t− τi))− gki(x(t− τi))V −

ki G
−
kix(t− τi)] ≥ 0. (A12)

Also, by Corollary 1, for any scalars w+
ki ≥ 0 and w−ki ≥ 0, we have that for i = 1, · · · , n,

n∑

i=1

[h̄ki(x(t))W+
kiH

+
kix(t)− h̄ki(x(t))W+

ki h̄ki(x(t))] ≥ 0. (A13)

and
n∑

i=1

[h̄ki(x(t))W−
ki h̄ki(x(t))− h̄ki(x(t))W−

kiH
−
kix(t)] ≥ 0. (A14)
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In addition, based on (17), for any matrices X, we have

ζk (t) X

[
− (A + Ek) x(t) +

n∑

i=1

Bifki(x(t)) +
n∑

i=1

Cigki(x(t− τi)) +
n∑

i=1

Dih̄ki(x(t))− ẋ(t)

]
= 0, (A15)

with

ζk (t) =




x(t)
ẋ(t)

χ(t− τ)
fk(x(t))

gk(x(t− τ))
h̄k(x(t))




,

where

χ(t− τ) =




x(t− τ1)
x(t− τ2)

...
x(t− τn)




, fk(x(t)) =




fk1(x(t))
fk2(x(t))

...
fkn(x(t))




,

gk(x(t− τ)) =




gk1(x(t− τ1))
gk2(x(t− τ2))

...
gkn(x(t− τn))




, h̄k(x(t)) =




h̄k1(x(t))
h̄k2(x(t))

...
h̄kn(x(t))




.

By using (17) and (A8)-(A15), we have

V̇k(x(t)) ≤ 2xT (t)Pkẋ(t)

+
n∑

i=1

[
xT (t)Qkix(t)− xT (t− τi)Qkix(t− τi)

]

+
n∑

i=1

{τiẋ
T (t)Zkiẋ(t)− 1

τi
[x(t)− x(t− τi)]

T Zki [x(t)− x(t− τi)]}

+
n∑

i=1

[2fki(x(t))U+
kiF

+
kix(t)− 2fki(x(t))U+

kifki(x(t))]

+
n∑

i=1

[2fki(x(t))U−
kifki(x(t))− 2fki(x(t))U−

kiF
−
kix(t)]

+
n∑

i=1

[2gki(x(t− τi))V +
ki G

+
kix(t− τi)− 2gki(x(t− τi))V +

ki gki(x(t− τi))]

+
n∑

i=1

[2gki(x(t− τi))V −
ki gki(x(t− τi))− 2gki(x(t− τi))V −

ki G
−
kix(t− τi)]

+
n∑

i=1

[2h̄ki(x(t))W+
kiH

+
kix(t)− 2h̄ki(x(t))W+

ki h̄ki(x(t))]

+
n∑

i=1

[2h̄ki(x(t))W−
ki h̄ki(x(t))− 2h̄ki(x(t))W−

kiH
−
kix(t)]
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+2ζk (t) X[− (A + Ek) x(t) +
n∑

i=1

Bifki(x(t)) +
n∑

i=1

Cigki(x(t− τi))

+
n∑

i=1

Dih̄ki(x(t))− ẋ(t)]

= ζT
k (t) (Θk + Λk + ΛT

k )ζk (t) ,

which follows from (22) that V̇k(x(t)) < −εk ‖x(t)‖2 for a sufficiently small εk > 0, k = 1, · · · , N and x(t) 6= 0,

then the asymptotic N -stability is established and the GRN (1) is N -stable.
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